Dynamical Systems With Applications Using
Python

Dynamical systems are mathematical systems that evolve over time. They
are used to model a wide variety of phenomena, from the motion of planets
to the behavior of financial markets. In this article, we will introduce the
basics of dynamical systems and show how to use Python to simulate and

analyze them.

A dynamical system is a system that evolves over time. It is typically
represented by a set of equations that describe the rate of change of the
system's state variables. For example, the following equations describe the
motion of a planet in a gravitational field:

dx/dt = v dv/dt = -GM/r’2
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where:

= X is the planet's position
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= Vv is the planet's velocity
= G is the gravitational constant

= M is the mass of the planet

These equations can be used to simulate the motion of the planet over
time. By solving the equations numerically, we can track the planet's
position and velocity as it orbits the Sun.

There are many different types of dynamical systems. Some of the most
common types include:

= Continuous-time dynamical systems: These sysiems evolve
continuously over time. The equations that describe these systems are
typically differential equations.

- Discrete-time dynamical systems: These systems evolve at discrete
intervals of time. The equations that describe these systems are
typically difference equations.

= Linear dynamical systems: These systems are characterized by the
fact that their state variables evolve linearly over time. The equations
that describe these systems are typically linear equations.

= Nonlinear dynamical systems: These systems are characterized by
the fact that their state variables evolve nonlinearly over time. The
equations that describe these systems are typically nonlinear
equations.

Dynamical systems are used to model a wide variety of phenomena,
including:



= Motion of planets: Dynamical systems are used to model the motion
of planets and other celestial objects. By solving the equations of
motion, we can predict the future positions of these objects.

= Behavior of financial markets: Dynamical systems are used to
model the behavior of financial markets. By analyzing the equations of
motion, we can identify trends and patterns in the market.

= Spread of diseases: Dynamical systems are used to model the
spread of diseases. By simulating the equations of motion, we can
track the spread of a disease and identify ways to prevent its spread.

= Climate change: Dynamical systems are used to model climate
change. By simulating the equations of motion, we can predict the
future climate and identify ways to mitigate its effects.

There are a number of Python libraries that can be used to simulate and
analyze dynamical systems. Some of the most popular libraries include:

= scipy.integrate: This library provides a variety of numerical integrators
that can be used to solve differential equations.

= numpy: This library provides a variety of numerical operations that can
be used to analyze dynamical systems.

=  matplotlib: This library provides a variety of plotting functions that can

be used to visualize dynamical systems.

The following Python code shows how to simulate a simple dynamical
system:



import scipy.integrate as integrate import numpy as np import
matplotlib.pyplot as plt

Define the equations of
motion

def f(x, t): return np.array([x[1], -9.81])

Define the initial
conditions

x0 = np.array([0, 0])

Solve the equations of
motion

t = np.linspace(0, 10, 100) x = integrate.odeint(f, x0, t)

Plot the results

plt.plot(t, x[:, 0]) plt.show()



This code simulates the motion of a ball that is thrown into the air. The
equations of motion are given by the f() function, which takes the current
state of the system (x) and the current time (t) as input and returns the rate
of change of the state variables. The initial conditions are given by the x0
array, which specifies the initial position and velocity of the ball. The
odeint() function from the scipy.integrate library is used to solve the
equations of motion and return the state of the system at each time step.
The results are plotted using the plot() function from the matplotlib.pyplot
library.

The following Python code shows how to analyze a simple dynamical
system:

import numpy as np import matplotlib.pyplot as plt

Define the equations of
motion

def f(x, t): return np.array([x[1], -9.81])

Define the initial
conditions

X0 = np.array([0, 0])



Solve the equations of
motion

t = np.linspace(0, 10, 100) x = integrate.odeint(f, x0, t)

Calculate the Lyapunov
exponents

lyapunov_exponents = np.linalg.eig(jacobian(f, x, t))

Plot the Lyapunov
exponents

plt.plot(t, lyapunov_exponents) plt.show()

This code analyzes the stability of a dynamical system by calculating its
Lyapunov exponents. The Lyapunov exponents are a measure of the rate
of divergence or convergence of nearby trajectories in the system. A
positive Lyapunov exponent indicates that nearby
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